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Abstract: In this paper, we investigate the existence and uniqueness of periodic mild solutions to the non-
autonomous Oseen-Navier-Stokes equations (ONSE) in the exterior domain () — R*® of a rotating obstacle that is
translating with a time-dependent velocity. Our method is based on the j» _ j¢ smoothness of the evolution

family corresponding to linearized equations in combination with interpolation spaces and fixed-point theorems.
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1. Introduction and preliminaries

We consider the flow of an incompressible, viscous
fluid in the exterior of a rotating obstacle that is
translating with a time-dependent velocity. Here the
angular velocity of the obstacle also depends on time
and the axis of rotation may change. The equations

u, +w-VYu—Au+Vp=(n+wxx)-Vu
V-u=0
U=n+wxx
U=,
fmu=o

u :(ul(x’t)’uz(x’t)’u3(xat))T is
supposed to be the velocity of the fluid; p = p(x,?) -

2*
where

the pressure; and divF is the external force for a 2™
-order tensor F=F(x,t). Meanwhile,

1 =(0,0,a(t))" and @ =(0,0,k(t))" stand for the
translational and angular velocities respectively of the
obstacle. Here Q =R*\ D(0) with D(0) being the

position of Q@ cR® at t=0. The investigation of

existence and uniqueness of a 7 -periodic solution to
(1.1) is an important research direction related to
dynamics of such evolution equations. (Serrin, 1959)
in the late 60's proved an important theorem on the
existence of time-periodic strong solutions to NSE in
bounded domains using the stability of the solutions.
(Yamazaki, 2000) used interpolation theorems and the
method of Kato-iteration to investigate the periodic
mild solutions on exterior domains and obtained their
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—wXu+divF

describing this problem are the Oseen-Navier-Stokes
equations in a time-dependent exterior domain with a
prescribed velocity field at infinity. After rewriting the

problem on a fixed exterior domain Q c R’, the
system is reduced to

in Qx(0,0),
in Qx(0,00),
on 0Qx(0,),
in Q,

(1.1)

existence in weak- I spaces. (Galdi, 2022) proved the
existence of the periodic solution of such equations in
r space using Galerkin method. Moreover, (Nguyen
and Tran, 2024) used Cesaro sums and Massera
methodology to obtain the existence of periodic mild
solutions.

Inspired by Serrin's technique, in the present paper,
we will investigate the periodic solution on weak- I”
space over €2, ie., we consider the existence,
uniqueness of periodic mild solutions to ONSE on R+
and with data in I’ spaces. Our method is based on
the L —L’
(U(t,5)) 5,5, generated by the family of operators

smoothing of the evolution family

L(t), combining with interpolation functors and
ergodic method. The keys of our strategy are lying on
the duality estimates, the smoothing properties and
interpolation functors for the  evolution family

(U(2,5)),5,50 - Then, we can pass to the semi-linear
equations using fixed point arguments. Our main
results are contained in Theorems 2.2, 3.1 respectively.

Here, we recall some preliminaries on function and
interpolation spaces for latter use.

. . . Ll .
Given an exterior domain Q of class C* in R3, we
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denote by C;"(€2) the space of all smooth functions

with compact supports in ). Then, we consider the
following spaces:

CI(Q) = {0y, )y, € GF(Q), j=1,2,3},

Cr (QY =peC’(Q) :divv=0inQ},
0,0 0

H.»
Q)Y =Cr Q) . (1.2)
We note that, as in the works (T. Hansel and A.
Rhandi, 2014; T. Hishida, 2020), the regularity of
boundary is needed forthen well-posedness and

L7 — 7 -smoothing property of the linearized

1
Lemma 1.1. Consider indices p,q,r satisfying 1 < p<oo,1<g <o, 1<r<ow,and —+—=

Then, || fg

r,w

where C is a positive constant depending only on
p and q. Note that L7 (Q)* = L* (Q)*.

Denote P =P, the Helmholtz projectionon L (QQ)
(1<r <o), ie., the projection onto L (Q)* relative

< C”f”p’W ||g||q’w for fel?(Q), gel(Q),

problem, and C"'-regularity was enough for such
properties. The Lorentz space

L(Q),(1<r <o, 1<g<o0), was defined in (J.
Bergh and J. Lofstrom, 1976; H. Komatsu, 1981;
H. Tribel, 1978), and here L (Q)’=L(Q)’.
Moreover, L*(Q)’ is called the weak-L space
denoted by L (Q)’ := L""(Q)’.

Denote by ||||rw the norm in L (Q)*. We take
the following inequality from (W. Borchers and

T. Miyakawa, 1995, Lemma 2.1) which is known as
weak Holder inequality.

1

1
p q r
(1.3)

to the Leray-Helmholtz decomposition (see [W.
Borchers and T. Miyakawa, 1995]):

L'(Q) =L (Q'®{VpeL'(Q)’ : peL, ()}
Next, foreach ¢ > 0 we defire the operator L(#) as follows:

DL(t)):={ue L. (Q) "W (Q) "> (Q) : (o(t)xx) Vue L' (Q)’}

L(u =—P[Au+n(t) + () xx)- Vu—ao(t)xu| foru e D(L(7)).

It is known that the family of operators {L(#)} .,
generates a bounded evolution family {U(z,5)} 5,
on L (Q)’for each 1 <7 <o under the conditions

that 17,0 € C? ([0,0); R?) for some 6 € (0,1) (see

loc

(T. Hansel and A. Rhandi, 2014)). Furthermore, the
solenoidal Lorentz spaces are identified (see (W.
Borchers and T. Miyakawa, 1995)) by

L(Q) = (L), L2(Q)),,

(L)) = L7(Q) here r'= . ¢'= 1
l/'_

and ¢' =0 ifg =1.
q-1

(1.4)

where
1 1-6 0
—= +—.
r i n

l<ry<r<p<ow,]<g<ocand

Then{U(¢,5)},.,,, are extended to

strongly continuous, bounded evolution operators on
L7(Q)* . Denote also by L;,W(Q)3 =L"(Q) .
Also, for 1 £ g < o0, we have the dual space

(1.5)

(1.6)

Moreover, for 0 <6 <1 we consider the space of Holder continuous functions

C?([0,00); RY):={f e C([0,00); R): supM«m}.

t>s520

(1=s)

We analyze the case in which both 17(¢) and @(¢) are prescribed T -periodic functions such that

n,0 € C’([0,0);R*) N C'([0,0)R] *) " L* ([0,0);R *) with some 6 € (0,1).

Let us introduce the following notations:

| (7, 0)ly= sup (@) [ +[ (D))
| (7, @)= sup (| n'O+e(@))),

(1.7)
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[n(®) =n(s) [ +] o) —a(s)|

|(n,®)|, = sup

T>t>s20

(t—s)’

There is a constant m € (0,00) such that
|(.0) |, +[ (1, @), +[ (17,0) [,< m

(1.8)

(1.9)

We recall the following L7 — [/*? estimates taken from (T. Hishida, 2020, Theorem 2.1, Theorem 2.2).
Proposition 1.2. Suppose that 77 and @ fulfill (1.7) and (1.9) for an m € (0,00) . Denote by |||| the norm in
rq

L (here 1<r<oo,1<g <o)

)
Then, ||U(t,s)x||rq <SM(t-s)*? " x||p . forall#>s5>0 (here 1< p <r<w). (1.10)
We take R, >0 satisfying
RP\QCB, ={xreR%|x|<R)}. (1.11)
Then, we fix a cut-off function ¢ € C7(B,, ) suchthat ¢ =1 on B,, and set
1
b(x,t) = Erot{cﬁ(x)(n(t) xx=|x[* (1))}
which fulfills divb=0, b|,=n+oxx, b@)eCy (B, ).
Moreover, an elementary calculation shows that
—(a@))’ | x[ $(x
i ] o 0 a(Ok (D)%)
_ 2.
wxb=div 0 (@) |2x| P k() b(x) | = div(=F) (1.12)
0 0 0
0 —a'()| x| ¢p(x) k' (O)xp(x)
2 2
' 2 !
b, = div M 0 M = div(-F)) (1.13)
k' (0)x,¢(x) k' (1)x,(x) 0
If we set z(x,t) = u(x,t) —b(x,t) then the fact that » fulfills (1.1) is equivalent to z satisfies
z,—Az—(n+wxx)-Vz+oxz+Vp=divG—(z-V)z—(b-V)z—(z2-V)b—(b-V)b
in Qx(0,00),
V.z=0 in Qx(0,0),
z=0 on 0Q x (0, ), (1.14)
z |t:0: Zy in Q,
‘l‘im u=0,
where z(x):=u,(x)—b(x,0) and
G=F+FE+F,+Vb+(n+wxx)®Vb. (1.15)

Applying Helmholtz operator P to (1.14) we may rewrite the equation as a non-autonomous abstract Cauchy problem

Journal of Water Resources & Environmental Engineering - No. 97 (12/2025)

15



z,+L(t)z=Pdiv(G-z®z-b®z—z ®b—b®b)

{ Z]i= 2y € L:(;T,W(Q)B )
where L(t) is defined as in (1.4).

As proved in (T. Hansel, 2014), the family of
operators (L(¢)),,, generates an evolution family

(U(t,5)),5,5, in the sense, roughly speaking, that

z(t)=U(t,0)z, is the solution to homogeneous

2(t) = U(t,0)z(0) + jO’U(z,r)Pdiv(—z ®z-b®z-2z®b-b®b+G(r))dr fort>0.

(1.16)

equation  z,+ L(¢)z =0; z(0) = z,. Therefore, we

can define a mild solution of Equation (1.16) as the
function z(#) fulfilling the following integral equation

in which the integral is understood in weak sense as in
(M. Yamazaki, 2000, Remark 1.2):

(1.17)

Denote by R , :=(0,00) and write ||||‘ , for the norm in L;,W(Q)3 .

The following space is also needed in our strategy:

Cw*,b (R +’LSC7,W(Q)3) = {V ‘R + - LS

endowed with the norm ||v|

o =SUP MO -
+

U,W(Qf | v is weak* continuous and sup || V(1) ||S,W< oo} (1.18)
teR .

Remark 1.3. Let 77 and @ be T -periodic functions satisfying (1.7) and (1.9). Let the external force F
fulfill that F* belongs to C,.,(R +,Li/2 (™) andis T -periodic. Then G is T -periodic and belonging to

W

CW*,,) R, LZ,ZW(Q)3X3) , moreover ||G||oo,3,w < ||F||wiw +Cm
2 2

(1.19)

We know that L(#) is T -periodic, i.e., L(t+T)=L(¢) for a fixed constant 7">0 and all € R .

Therefore, the corresponding evolution family (U(?,5)),.,., becomes T -periodic in the sense that

U+T,s+T)=U(t,s) forallt>s5>0.
We rewrite Equation (1.16) in the form
z, +L(t)z= Pdiv(g(z)(t))
{ Z|0=20 € L:(;T,W(Q):;)
where g(z2)=G—z®z-b®z—z@8b-b®D.

2. Periodic solutions to the linear equation
The linearized equation of (1.21) is

z, + L(t)z= PdivG(t)
3 3 (2.1)
Z| =2 € L, (Q),

Using the evolution family (U(Z,5)),.,s0
generated by (L(¢)),.,, we can defined mild

solution to Equation (2.1) which is the function

(1.20)

(1.21)

z(t) satisfying the following equation in which

the integral is understood in distribution sense as

in (M. Yamazaki, 2000, Remark 1.2):
z(t)=U(t,0)z(0)+ J.(: U(t,7)PdivG(r)dr . (2.2)
We have the following lemma for the boundedness

of mild solutions to Equation (2.1):

Lemma 2.1. Let Q be an exterior domain Q in R* witha C"'-boundary and z, € LZ,W (Q)*. Suppose that
GeC,.,R +,Li/,ZW(Q)3X3). Then, Eq. (2.1) has a unique mild solution zeC,.,(R +,Li,W(Q)3) which is

B

represented in (2.2). Also, ||Z||w,3ww SM”G” 3

0, =W
2

(2.3)

where M is positive constant which is independent of z,, z and F'.
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Proof. See (Nguyen and Tran, 2024, Theorem 2.2, R’ with a C"'-boundary and z, € Li v Q).
Theorem 2.4). y .

We obtain the main theorem of this section. In Suppose  that G ECW*J’(R *’LZ,Z‘M(QY 3) is T-
particular, we prove that if the external force F is periodic. Let 17 and @ be T -periodic functions
periodic, then the mild solution of Equation (2.1) is  fulfilling (1.7) and (1.9). Then, Equation (2.1) has one
also periodic. and only one periodic mild solution Z in

Theorem 2.2. Consider an exterior domain Q in C,.,(R +’L30' W(Q)3)'

Proof. For z() in (2.2), we now prove that {z(nT')},_ is a Cauchy sequence in L  (€)’. Indeed, putting
w(t) = z(t+(m—n)T) for arbitrary fixed natural numbers m >n € N, using the periodicity of G we prove
that w can be rewritten as w(¢) = U(¢,0)z((m —n)T) + I;U(I,S)PdivG(s)ds forallz>0. 2.4

Indeed, w(t) = z(t+(m—m)T)

— U (t+(m—n)T,0)z(0) + j;“'"’"” Ut +(m—n)T,5)PdivG(s)ds
=U@+(m—-n)T,(m—-n)T)U((m—-n)T,0)z(0)
+ j;’"’”” Ut +(m—n)T, (m —n)TYU((m = )T, 5)PdivG(s)ds

U (= )T5) PG (5)ds

m-—n

—U(t+(m—n)T,(m—n)T) (U((m _ )T, 0)2(0) + j(f’"’”)TU((m _n)T, s)PdivG(s)ds)

+ J‘(H(min)TU(l‘ + (m — n)T, S)PdZVG(S)dS

m—n)T
=U(t,0)z((m—n)T) + jU(t, $)PdivG(s)ds .

Therefore, (2.4) follows. Next, we derive from (1.10) the estimate

|U@0)x],, <e@)]x (2.5)

B
r.w

() 3
where the function ¢(¢):= Mt " * forall £ >0 and 5 < r < 3. Now, the relation in (2.5) yields

<Co(t), t>0.

|2() = w),,, =[U(#,0)(z(0) = w(0)); , <@(0)]z(0) —w(0)
Taking ¢:=nT on the above inequality we obtain ||Z(nT)—Z(mT)||3w <Ce@(nT) for all m>neNl .

r,w

From the fact lim ¢(¢) = 0, it follows that {z(nT)}, is Cauchy sequence in L,  (Q)’. Since L (Q)* isa
>0 ’ 5

Banach space, the sequence {z(n7T)},_, isconvergentin LZ,W(QY ,and we put z*:=limz(nT) e L} (Q)’.

neN

Taking now z* as initial value, we then prove that the mild solution

£ =U(1.0)z" + [ U(1.5)PdivG(s)ds is T -periodic.

To do this, we put v(¢):=U(t+nT,0)z, +I;+nTU(t+ nT,s)PdivG(s)ds for every fixed neN and all
t>20,ie.,v(t)=z(t+nT) for

2(1) =U (1.0)z, + [ U(1,5) PdivG(s)ds 2.6)

as in previous step. Again, by the periodicity of G we obtain that v

satisfies v(¢) =U (¢,0)z(nT) + I;U(I,S)PdivG(s)ds for z being defined as in (2.6).
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We then have
|2(T) —w(T)|,, = [U(T,0)(2(0)-w(0))|,,, < |U(T,0)
This means

2(T)—z((n+ 1)T)||3,W < |u@,o)|

2(0)=v(0), -

z —z(nT)HM.

Letting now 7 — oo and using the fact that limz(nT) =z = 2(0) in LZ,W(QY we obtain

z(T) = z(0). Therefore, z(t) is T — periodic.

The uniqueness of the 7 -periodic solution follows from (2.5). Namely, if z and v are two T -periodic
solutions of Equation (2.1) with initial values z, and v,, respectively, then z(¢)—w(¢)=U(¢,0)(z, —v,), and
from  the  fact  that z(t)—v(t) is  bounded it follows  from (2.5)  that
[z@=v@);,, =[U@0)z =0, < 0®)]z0 = o],

Therefore, %1_)n£||z(t) - V(t)”3,w = (. This, together with periodicity and continuity of z and v, follows that

z(t)=v(t) forallte R .
3. Periodic solutions to to nonautonomous oseen- solution to Oseen-Navier-Stokes Equations (ONSE).

navier-stokes equations The following theorem contains our results on
We now prove the existence of the periodic mild periodicity of solutions to nonautonomous ONSE.

Theorem 3.1. Consider an exterior domain Q in R* with a C"'-boundary and  z, € LZ,W (Q)’. Suppose

that FeC,.,(R,,L"° (Q)*) is T -periodic. Let 17 and & be T -periodic functions fulfilling (1.7) and (1.9).

W

If || F ”w 3, and m are sufficiently small, Problem (1.16) possesses a unique 7 -periodic mild solution Z ona
>

small ball of C,..,(R ,, L, (©)").
Proof. By Remark 1.3 we have that G €C,.,(R +,LZ,2W (Q)*?) is T-periodic. Consider the following
closed set Bi defined by
B, ={vel, (@) :visT- periodic and |v|, , <p}. (3.1)
Concerning the estimates for g, we first have
o). s, =lG-b@b]. 2, <[+
It follows from the weak Holder inequality (1.3) that

lb®b| s <Clp, <cm’. (3.2)
2

©,3,w

Combining (3.2) and (1.19) we obtain
le], s <|F|, s, +Cm+Cm*=y. (3.3)
> >

Thus, the sufficient smallness of m and || F ”w 3 implies that  is small enough. Again, for v,,v, € BZ by
>

the weak Holder's inequality (1.3), we have that
||g(v1)—g(v2)||wgw =||—v1 OV, +v,®v, —b®v, —v®b+b®v, +v, ®b||wgw
> >

< ||—(v1 —V,)®V, v, @ (v, —=v,)=b® (v, —v,) = (v, _v2)®b”w,3,w
2

(3.4)
(3.5)

<(2Cp+2Cm) ”Vl _V2||oo,3,w :

This implies ¢(v) - g(0)], 2, <(2Cp+2Cm)[v], .,
»2» 7
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for v, =v, v, =0. Combining (3.3) and (3.5) we get
lel, 2. <le) -], s, +|gO],:, <@Cp+2Cm)p+y (3.6)
2 2 2
for ve B; .On B; , we define the map T as follows

(Tv)(t) =U(¢,0)z(0) + I;U(t,r)PdiV(g(v)(r))dr forve BZ .

By Theorem 2.2, z := TV is the unique 7 -periodic mild solution to the equation

z,+L(t)z =Pdiv(g(v)(?)) . (3.7)
Moreover, by (2.3) , (3.6) and using the fact that v € B’ we have
2], Mg, :, <M@Cmp+2Cp* +7).

e
ww_w
2

Therefore, if the norm || F ”w 3 , p and m are sufficiently small then 7" acts from Bi into itself.
»E»W

For v,,v, € BZ putting 7v, = z, and 7v, =z, , similarly by (2.3), (3.4) we obtain
|z =2, <M|g01)-gO, )||w%w <M Q2Cp+2Cm)|v, —v,||

0,3, w

Thus, if ” F|| 5 , pand m are small enough then nonautonomous case. J. Reine Angew. Math., 1-26.
oY T. Hishida (2020), Decay estimates of gradient of a

generalized Oseen evolution operator arising from

the mapping 7 acts from B’ into itself and is a . o . . . .
p timedependent rigid motions in exterior domains.

contraction. Therefore, T has a unique fixed point, and Arch. Rational Mech. Anal. 238, 215-254.
this is the unique mild solution to Equation (1.16) ina  H. Komatsu (1981), 4 general interpolation theorem of
small closed ballof C. ., (R ,, L3o‘ Q)). Marcinkiewicz type, Tohoku Math. J. 33 (2), 383-393.
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