Existence result for inverse problems governed
by generalized rayleigh-tokes equations

Nguyen Van Dac'

Abstract: In this article, we study an inverse source problem related to the generalized Rayleigh—Stokes equations
on Hilbert scales, with weak-valued nonlinearities and memory effects depending on the history of the state
function. We establish a representation of the mild solution and then investigate crucial properties of the
associated resolvent operators. Based on these analyses, the existence result is obtained by applying Banach’s
fixed-point principle. Finally, an illustrative example is provided to demonstrate the theoretical results.
Keywords: Rayleigh-Stokes equations, weak nonlinearity, inverse problems, existence results.

1. Introduction

Let Q be bounded domain with smooth boundary OQ in j ",n>1. We consider the following system

0,(u+ng,,*(~)'u)+(-AY u =h(t)p+ f (t.u, (1)) inQ0<t<T,
u=00onoQ,0<¢t<T,

with Dirichlet boundary condition
u(0)=_¢,
u(l)=¢

and innitial value
together with the final

—a

t
I'l-a)
the operator (—A)” is the Laplace operator with the

where #7>0, g, (t)= with a € (0,1) ,

power 0 < f <1 and his a continuous function with

T
Ih(t)dt >0.In(1.1), p:R" —>R " is a continuous
0

function such that 0< p(f) <f and u ()= u( p(t)).

The equation (1.1) with f =1 was first introduced

in (Fetecau et al., 2009). Then, the fractional Rayleigh—
Stokes equation has attracted significant attention, and
the equation has been the subject of many studies; see
(Bazhlekova et al., 2015; Chen et al., 2013; Khan,
2009). In recent years, several works have been
devoted to the direct problem in the case p =0 under

various settings; see, for instance, (Lan and Tuan,
2022), and (Loi and Tuan, 2023). These studies address
fundamental questions concerning the solvability,
stability, and regularity of solutions. In particular, in
(Dac et al., 2025), the authors introduced equation
(1.1), analyzed the forward problem within the
framework of Hilbert scales, and obtained significant
results on the stability and regularity of mild solutions.
Our goal is the inverse problem related to (1.1) in
Hilbert scales, where the parameter p is determined
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(1.1)
(1.2)

(1.3)
(1.4)

by using condition (1.4). The problem of parameter
identification has attracted the interest of many
researchers with different types of differential
equations (see (Janno and Kasemets, 2017); (Tuan et
al., 2020)). In particular, the identification problem for

nonlocal differential equations under r (Q) settings

has frequently been published (see (Tuan, 2023), (Ke
et al., 2022)). In this paper, we consider (1.1)—(1.4) in
Hilbert scales, which allows the nonlinearity to take
values in weak regularity spaces. Noting that our
results have not been addressed in (Ke et al., 2022),
thanks to another way to estimate the resolvent
operator. By the estimate for resolvent operators, our
goal is to determine sufficient conditions that guarantee

the existence of (p,u) satisfying (1.1)-(1.4).

This paper is organized as follows. The next
section recalls some notations and basic facts on
Hilbert scales, relaxation functions, and find a
formula for the mild solution of system (1.1)-(1.4).
In Section 3, we first prove several properties of the
resolvent operators and then establish existence
results on compact intervals, the section concludes
an application of the obtained results.

2. Preliminaries

In this section, we recall some facts and notations
related to Hilbert scales and relaxation functions,
derive a representation of the solution to the considered
problem, and provide estimates for the operators
appearing in the solution formulas. Throughout this

work, we use the notations <-, > and ||-|| denote the

inner product and the standard norm on on L*(Q).
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From the initial setting, we introduce a sequence
{e, };O:l that forms an orthonormal basis of the Hilbert
space L7(Q) and satisfying —Ae, = A e in Q and
e, =0 on the boundary 0Q, neN. Each element
e, is an eigenfunction of the Laplacian operator with

the corresponding eigenvalues A . The sequence

{A,}, is nondecreasing such that A, >0 and
A, = . Then, the fractional Laplace operator can be

defined as follows: (—A) v= Z A7 (v,e,)e, with

n=1

domain

D((-AY ) ={ve ’(Q): i;tjy (v,e,)” <o} where

y20. For oeR, we define H’ by

0

H”:{V=Zvnen2212vj<0}, then H” is a
n=1

n=1

Hilbert space endowed with the product

<u,v> zg Au,v and the norm determined by

n=1

[v|2=>"Zv?. Tt is obvious that H' = L*(Q) with

n=1

- lo=II-
continuous embedding into H” whenever ¢, >0, ,

then H” is said to be Hilbert scales of L’ (Q).

In order to find a presentation for solution of
the considered problem, we consider the following

, and these Hilbert spaces satisfy that H”' is

homogeneous equation:
w'(f)+771(g1_a *a))' +20(t)=0,t>0 and
w(0)=1 (R1)

with inhomogeneous equation:
VIO +na(g,, #v) + ()= G(t),t> 0 and
v(0) = v,. (R2)

We recall some crucial properties related to these
equations, see (Dac et al., 2025), putting

() =1+ng, (1)
then ¢ is a completely monotonic. As a result, we

have (see (Cl'ement and Nohel, 1981))
(PC) there exists a nonincreasing and nonnegative

function k € L (R +) such that

loc

k*(=1on(0,00).

Proposition 2.1. Suppose that 77 and A are positive numbers. Then

(i) (R1) has a unique solution, denoted by @(¢,4), which is nonnegative and nonincreasing on R *. In

addition, we have ———— < w(1,4) < - 2.1
1+ Ak(2)
1+ lj(l+ ng,_,())dr
0
Consequently, limw(z,4) =0.
(ii) The following estimate holds j o(t,A)dr <27 (1-w(t,1)),¥t>0,A>0. (2.2)
0

(iii) For each ¢ > 0, the function A > @(¢,A) is nonincreasing.

(iv) The solution of (R2) given by v(t) = a(t, A)v, + j w(t-7)G(r)dr .
0

Proof. From Lemma 6.1 in (Vergara and Zacher, 2015), we get
demonstrated in (Dac et al., 2025). The proof is complete.

We now find a solution formula for our problem. Let

;1 < w(t,A). The other results are
1+ Ak(t)”

u,(t)=(u(®).e,) and G,(0)=(h(O)p+f(t.u,(0)).e,).

Then, substituting into (1.1) - (1.3) gives us u/ (1) +147 (g, *u, (1)) +Alu, (1) = G, ()

and u, (0)=¢, =<§,en>.
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It follows from Proposition (iv) that u (f) = a)(t,lf Ju, (0)+ I o(t —T,lf )G, (T)dr .
0

Thus u(f) = ia)(t,/lf Yu, (0%, + an)(z‘ —1,AP)G, (t)dr ]e

We define: S, (¢) zia)(t,lf)<-,en>en. (2.3)

n=1

that is said to be resolvent operators. Hence, we get a formula for solution of forward problem as follows:
t
u(t)=S,(0¢ + [S, (=) @) p+ f (t.u,(0)) |dz . (2.4)
0

Employing (1.4), we now find a presentation for parameter p . For t =T, the above equation and (1.4) imply

that & = (T,A")¢, +jw(T—r,lf)[h(r)pn +1, (T,up(r))] dr,

T T T T
1 1 .
!w(T—r,/ln)h(r)dr > .([ﬁh(T—r)dr > W{h(r)dr > 0. Since .([h(r)dr >0,

we obtain p = Da)(T—r,ln)h(r)dr} [gn —o(T, 2P, —Ia)(T—T,lf)fn(T,up(r))er.

T
It deduces that p = in[g —S_(T)¢ - j S, (T-1)f(7.u, (T))df] (2.5)
0
o (T -
here R is defined by R(v) =Z[Iw(T—r,lf)h(r)er (v,e,)e, for veH. (2.6)
n=l \_o

The remainder of this section is devoted to establishing fundamental properties of the two key operators S,

and ‘R, which will be crucial in the subsequent analysis.
Proposition 2.2. Let S_ () and R be given in (2.3) and (2.6), respectively. For v € H°,c€R and T >0,

we have
@ S,(00eC([0,TEH") and || S, (0 [[< ot A4) || V]I, V20, 2.7)
(ii) For feC([0,T;H ) with & >0, then
1 t
S, * f()|P < 1 t—7)"" 2 dr, V20 2.8
I8+ 1Ol = -y [ () @I, a7 @8)
(i) R(v) e H7™” . In addition, we obtain || R(V) ||, <47 ||v]], 2.9)

where 7 = [}h(r)er_ (2(22 +k()?)) "

Proof. The results stated in (i) and (i) were established in [Dac et al., 2025]. We now proceed to prove (iii). By

o T 2
the formulation of R, we get || R(v) HZHﬂ = Zl:_zﬁ[ o(T—7,17 )h(r)dTJ v
0

n=1

1

Wh(T_T)dT 2>

T T
By the fact that | (T —7,4 )h(t)p dr > 22— h
{ { 1+ 27Ty 7
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(1+ A k(T )
W

T

<2h Z( k(D)) A7y <2k (470 + k(T)? )Zw:z;vj
n=1

1+ 4 k(1)
22/1“ 2P

here h. = j h(z)dr ,one has || ROV [P, <> A7 T V2
n=1

This completes the argument and establishes the desired conclusion. The proof is complete.
3. The existence results
Let us begin by giving a definition of a mild solution to the system (1.1)-(1.4.

Definition 3.1. For 0 >0 and let {,E € H®. A4 pair (p,u) ceH XC([O, T];HG) is called a mild

solution  to  (L.1) — (14  if p=m[§—sa(T)g—jsa(T—r)f(r,up(r))dr]and

u(t)=S,_ ()¢ +jSa(t—T)[h(r)p +f(tu, (r))]dr , t<[0,T7].

In what follows, we use the standard norm of v € C([O, T, Hg) defined by || v ||, = tSIOJI; [[v(2)]|, - For the
analysis of our problem, we shall rely on the following standard assumption. -

(F) The function f  is a map such that f : [O,T]X H° - H?* satisfying

F1) f(2,0)=

(F2)if v,,v, eH? and ||v, || < r,i=1,2 then I f(t,vz)—f(t,vl)HG S L) v, =v ],

where L is a nonnegative function with limsup L(r) =L, <oo.

r—0

n

\/(l—a)al“(l—a)

then there exists & > 0 and 7 > 0 such that (1.1) — (1.4) has a unique solution (p,u) such that ||u(?) || <
for all ¢ €[0,T], provided || ¢ |,<06 and || & <O .

71/2Ta/2
Theorem 3.1. Suppose (F) holds. If

(hr k1, +1)L, <1 3.1)

Proof. For ue C([0,TH?), we denote ®[u](r)=S, (t)é’+jSa (t—r)[h(r)p+ f(r,up(r))]dr

T
t€[0,T], where p:ﬂ%[é‘—Sa(T)§—ISQ(T—T)f(T,uP(T))dT] and let B be the closed ball in
0

C ([O,T ];Hg) with center at the origin and radius . From Proposition 2.2 (i)-(ii), it follows that
S,() €C([0,TEH")  and S, *f(,u,))eC([0.,TEH?). We consider the middle term

M(t) = jSa (t —7)h(7)pdt , one gets

I M@ —ZA"Uw(r T, Aﬁ)h(r)pndr] <|h]2 2,1“ 2Ua)(z—r Aﬁ)er

n=1 n=1

<hl, Zlﬂ;zﬁpf < hLI PG, here [ lim [A@)]. Then || M©) [, <| Al 1, (3.2)
n=1 ’

It deduces that M € C([O,T];HG). Hence ®[u] e C([O, T,H® ) For u € B, with >0, we obtain
[ D)) [l= [[Se (DS Nl +1I Se * (hp) () Iy + 1S * fCu, X |l
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<@ N, +1 AL Pl + ( l_a)l/?rm (l_a)[ [(t=eY " 1 £, @Iy df}

thanks to (2.7), (2.8) and (3.2). Since @(t,A”) <1, then: o(t, AV) || S|, <II< |, (3.3)
For t €[0,T], employing (F) gives us

j(t_r)al ||f(T7up(T)) Hifzp dr SL(”')zj.(l‘_‘[)DCl ”up(T)Hi dr< L(I’)zl/'zj.‘[ald‘[ SéL(r)zrzT“

0 0

t al2

2
Consequently, we have 1(7) = [ [0y 1 @, @I dr] < L) (3.4)
a
0

Combining Propesition 2.2(iii) and (3.4) yields

11l 2y <hrl|E =S, (D) =[S (T=7)f (7.u,())dz |,

. nfl/zTa/2
<[ El, + 1S, + L(r)r |.
(l_a)l/zauzl—q/z(l_a)

n—l/ZTa/Z hT ’ h ’OO
\/(1 —a)al (1-a)

S2palp iy ) V2ar2
I D[] ,<11S 1, +hr AL, (1€, +H§HU)+\/U ] L(r)r+——1

(I-a)ol (1-a) \/(l—a)al“(l—a)

it implies that | 1| pl| < Fr h1. (&1, +1¢ 1)+ Ly (35)

From (3.3), (3.4) and (3.5), we have

L(r)r

71/2Ta/2

n
<(1+hr | LIS N+ (R LIS, e e
n—l/ZTa/Z
\/(l—a)af(l—a)
one can find 7 >0 satisfying L(r)< L, +¢ forall 0 <r <.
1-x(¢)
2(1+ hr|h),)

(Frlhl, +1)LG)r.

By (3.1), we can choose & > 0 such that k(&) = (/’I—T | hl, 4—1)(L0 +&)<1 (3.6)

Let § = , we have & >0due to the fact that k(&) <l. Moreover, if ||[{ || <& and

| &), < then || cp[u](t)HUSl_’;(S)r*_i_ 1—,;(8)

It follows that @ [B ] c B, . We now proceed to prove that @ is a contraction mapping on B, . Take

P

n+x(e)n<n,Vtel0,T].

u,v €B, and denote p, = m[g —S (T)¢ —TSQ(T ~0)f (., (T))df],
I3 =m[5—sam¢ -[s. (T—r)f(r,vpm)dr}

Then p, — p, =9%USM(T—T)f(T,vp(T))dT—]CSQ(T—T)f(T,up(T))dT].
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Let J(£) = jsa(t—r)[f(r,up(r))—f(r,vp(r))}dr _For ¢ €[0,T], observe that

1J(@)|2< (1—a)nr(1—a)j(t_f)al 1/ (72,(0)) = £ (29, (@) I dr

- n’l(L0+g)2T“
- (1-—a)ar(1-a)
n’l(L0+g)2 T“
(1-a)al (1-a)
| PLu](@) =DV || 2]l pw = Py llo2p + 11 T @)l
n " (Ly+e)T"?
\/(l—a)al“(l—a)
S n*l/ZTa/Z
\/(l—a)al“(l—a)

Since k(€)<1, @ is a contraction mapping on B, . The proof is complete.

|u—v |’ , thanks to (F) and Proposition 2.2(ii). Then

2
1P, =P, Il _5p< hr” ||lu—v|L. . Hence, for t €[0,T], we get

77—1/2 (LO +8)T0£/2
\/(l—a)al“(l—a)

(17, 1 -1)(Ly+ &) lu=vll, <x(e)[u-v].-

<[hl, lu—=vll,

hrlu—vl]|, +

Let us finish our work with a concrete example as follows: For 7 =3 and Q ¢ R’, we define

f(t,v) = F(t||Vv|)|v|’,and p(¢) =at,a e (0,1),where F:; "xj " — | satisfying

(f1): F(£,0)=0;

(2) : there exists a constant L, > 0 such that | F(¢,8,)—F(t,s,)|< L. | s, —s, |, Vt20,s,s, €] ",

and 1< p <5. In addtion, ||-|| stands for the norm in r (Q) . In this example, the fucntion F describes a
multiplicative perturbation, that depends on the energy of system. Hence, the nonlinearity function reads as
f(t,up(t))(x) = F(t,||Vu(at,x)||)|u(at,x)|",t €[0,T],x € Q.

Take 6 = =1, then (p,u) e H'xC([0,T}H') and f:[0,T]xH' > H".

In what follows, we write 4 < B if and only if there is some ¢ >0 such that A <cB. We first note that
H' = H(l) (Q) and H™' = (H(l) (Q))* =H"' (Q) . For ve H', we now show that f'(¢,v) € H™'. Indeed, using

(f1) and (f2), one has || /(&) ||, =[| F@ I VVIDIvIIL =L F@IvID I,

’ ; os 5/6
< L 11 I Pll sy = Le VI J(1v17)

Q

P
60/ (Q) 5

thanks to fact that || Vv [|=]| v, and H™ 5 L (Q (see [Dac et al.,2023]). On the other hand, 1< p <5
1

=L (v -llvi

implies that %p < 6. Then, we have [**” (Q) S50 (Q) SH' (see (Dac etal.,2023)).

|
;[7/5(Q)< VI

Furthermore, if v,vy € H' then || (#,v,) = £ (t,v) | = F ([ Vv, ) [v, " =F (@I Vv, D v 7]l
<[E@IV Dy [P =FEIVW DI, L+ T E@TV DD P =F @V DI P

=<[v,=w -l Hf [ L vy ° -y |p||—1- (3.7)

Consequently, it follows that || £(Z,v) ||, <[ V], -|lv|
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Since p >1, we have ‘|v2 " —|v |p‘S(|v2 7+ |p71)|v2—v1|.Hence

5/6
- < — 6/5
11w, 7 = PIL= v P =1 |p||L6/s(Q) = [I(! V()7 + v (%) !p_l) v, ()=, (x)|6/5 de

Q

5(p-1)

)
thanks to the Holder inequality. Therefore, we get

v 7 =19 I (1,

p-1
57/

(Q) +||v1

s[ J(m@P +1meo s dx] ! [ [ -nf* dxj

r-1 _
L()[) S(Q) ) || V2 vl L()p/S(Q)

-1 -1
<y 17+ ) v = 1y (3.8)

. -1 -1
We arrive at || f(6,v,) = f (£, v =< v, =v [l -[lv, [T+ v, ||1(|| v I+l I )H v, =iy

-<(||v2 17+, v 1177+ v ||f)|| v, =v || - So, L(r) =37". The condition (3.1) is verified.
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