The asymptotical stability of stationary solutions to three-dimensional
kelvin-voigt equations with damping and unbounded delays
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Abstract: In this paper, we consider the three-dimensional Kelvin-Voigt equations involving unbounded delays in
a bounded domain Q c R3. We will study the asymptotical stability of stationary solutions via the construction of

Lyapunov functionals.
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1. Introduction
Let Q be a bounded domain in R3®> with a
smooth boundary 9Q. In this paper, we consider

the following three-dimensional
equations with delays in €,

Kelvin-Voigt

(at(u —a®Vu) —vAu+ (u-Vu+Vp +klulfu=g(t,u) + h(t)

{ divu = 0
u(x,t)=0
\u(6,%) = ¢(8, %),

where v > 0 is the kinematic viscosity, a > 0, k >
0,8 = 1 are three constants, u = u(x,t) = (U, Uy, us)
is the velocity field of the fluid, p is the pressure, h is a
nondelayed external force field, g is another external
force term and contains hereditary characteristic u,
where u; is the function defined on (—o0,0] by
u(8) = u(t +0),0 € (—0,0],¢ is the initial datum
on the interval. **

The case « =0 and g =0 has been studied in
[CJO8] by X. Cai and Q. Jiu, the equations 1.1 becomes
Navier-Stokes equations with damping.

Note that the case k = 0 and g = 0 corresponds to
the classical Navier-Stokes-Voigt problem. The
existence, long-time behavior and regularity of
solutions to the 3D Navier-Stokes-Voigt equations
without delays in bounded domains and unbounded
domains satisfying the Poincare's inequality have been
studied by many mathematicians (see [AT13, KLO09,
YZ11] ). There are many results involving PDEs in
fluid mechanics with delays ( [CR04, MMI11]) and
many results about asymptotic behavior to PDEs (
[NS2020, PS20]). However, all the results with finite
delay (constant delays, bounded variable delay or
bounded distributed delay) has been studied in the
phase spaces C([—h,0);X) and L?(—h,0;X) with a
suitable Banach space X, or infinite distributed delay in
Cy(X), where

¢, = {p € C((~0,01; X): Jim €70 (0) exists inX}(y > 0)
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in (0,T) x Q,
in (0,7) x Q, #(1.1)
in (0,T) X 8,
in (—o0, 0] X Q,

is the Banach space endowed with the norm
loll, = sup e"®lo®)llx-
6€(—0,0]

In this paper, following recent work [13] we
continue studying the system (1.1) with unbounded
variable delays in the following space

BCL_o(X)

= {p € C((~w,01:X): Jim_(6) exists in x}
which is a Banach space equipped with the norm
lollser_poo = sup llo(@llx

0€(—0,0]

The main novelty of our paper is that we are
interested in the problem with unbounded delays. The
stability of stationary solutions to the 3D Kelvin-Voigt
equations with damping and unbounded delays, has
apparently not been studied previously. We will
discuss the stability of stationary solution is shown via
the construction of Lyapunov functionals.

The rest of the paper is organized as follows. In
section 2, we will set up some spaces and lemmas
which will be used in the later sections. Section 3 will
be devoted to the asymptotical stability of stationary
solutions.

2. Preliminaries

We consider the following space:

V ={u € (C{(Q))3: divu = 0}.

Let H be the closure of V in (L?(Q))3 with the
norm | - |, and inner product (-,-) defined by

3
(u,v) = Z J u;j (x)v;(x)dx for u,v € (L*(Q))?
j=1 7

We also denote V the closure of V in (Hg(Q))3
with norm || -||, and the associated scalar product
((+,")) defined by
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2 au]’ a‘l}]’
(w,v)) = Z J ——dx foru,v € (H} (Q))3
=4 Q an axi

We use || - || for the norm in V" and (:,)y for the
dual pairing between V and V'. We recall the Stokes
operator A: V — V' by (Au, v) = ((u, v)). Denote by P
the Helmholtz-Leray orthogonal projection in
(H3(Q))? onto the space V. Then Au = —PAu, for all
u € D(A) = (H%(Q))3 N V. The Stokes operator 4 is a
positive self-adjoint operator with compact inverse.
Hence there exists a complete orthonormal set of
eigenfunctions {vw}]i , © H such that Aw; = A;wj and ti

O<hsAhshZ3s-<)-ot+wast—o o
We have the following Poincaré inequalities
[[wl|? = A1 |ul?, Yu € V,#(2.1)
[ul? = A1 ||ul|,vu e H
From (2.1), we have
[ul? = do([ul? + a®||ull®), vu e V,
where dg = Furthermore, for a > 0, the

I+

1
1+a?2y
operator [ + a?A has a compact inverse
a?A)"1:D(A)" - H with the following estimate

I+ a?A) || < a™?||ul|, Yu e V'

We define the trilinear form b on V X V X V by

3 a‘l}]’
b(u,v,w) = Z J u——wdx,Yu,v,w €V
a 0x;

i,j=1

{at (u + a?Au) + vAu + B(u,u) + klu|f~'u = Pg(t,us) + Ph(t),

u(8) = ¢(0),

We first give the definition of a weak solution.

and B:V XV - V' by (B(u,v),w) = b(u,v,w).
We can write B(u,v) = P[(u- V)v]. It is easy to check
that if u,v,w € V, then b(u, v,w) = —b(u, w, v), and
in particular,

b(u,v,v) =0,Vu,v € V.#(2.2)

Using Holder's inequality and Ladyzhenskaya's
inequality, we can choose the best positive constant ¢,
such that

1 1
|b(w, v, w)| < collulllivIl |wlz||wl|z, Vu,v,w € V. #(2.3)

From (2.3) and using Poincaré's inequality (2.1), we
obtain that
|b(u, v,w)| < coAy " llullllvlliwll, Yu, v,w € V#(2.4)

We will assume that f € L2(0,T;V"). For the term
g, we assume that g [0,T] X BCL_(H) =
(L%())3, then

(gl) For any & € BCL_(H), the mapping [0,T] 3
t - g(t, &) € (L?(Q))3 is measurable,

@) g(,0)=0.

(g3) There exists a constant Ly > 0 such that, for
any t € [0,T] and all §,n € BCL_(H),

19(t, &) — gt m)| < Lgll$ = nllper_ o m)-

Some examples of g which satisfy (gl) - (g3)
can be seen in [ LC18]. We can rewrite the 3D
Kelvin-Voigt equations (1.1) in the following
functional form

1/4

in (0,T) X Q

0 € (—,0] #(25)

Definition 2.1. Given an initial datum ¢ € BCL_, (H) with ¢(0) € V, a weak solutionu to 1.1 in the interval
(=0, T],T >0, is a function u€ C((—oo,T;H)N L2((0,T);V)nLP+L((0,T); IP*1()) with u(8) =
$(0),6<0 and% € L2((0,T); V") + L(BH)/B((O, T);L(BH)/B(.Q)) such that, for allv €V, and a.e. t € (0,T)

%(u(t), v+ a?(u(t),v)) + v(u(t), v)+bu(t), ut), v) + (k|ulfu,v)

The existence and the uniqueness of solution is
proved by using the classic Galerkin approximation
and the energy method (see [YZ25]).

Theorem 2.1. Consider
h € 12((0,T); V"), g: [0,T] X BCL_o(H) - H
satisfying (g1) — (g3) and ¢ € BCL_(H) with
¢(0) €V are given. Then there exists a unique weak
solution to (1.1).

3. Asymptotical stability of stationary solutions

In order to study the properties of stationary
solutions, we need to impose some extra assumptions.
Firstly, we assume that h is independent of time, i.e.,
h(t) = heV'. Denote by i the trivial immersion
itH - BCL_(H) given by i(u) = @i with fi(t) =u
for all t < 0. We now require that g satisfies

(g g(,8 =g &) for any s,t€R; and
Eei(H).

= (h(t), v) + (9 (t, up), v).

If (g2) - (g4) hold, we trivially have that §:H —
(I2(Q))3 defined by g(u) = ¢(0,i(u)), ie, §=
JIR, xi(#)» is of course autonomous, Lipschitz (with the
same Lipschitz constant Lg) and §(0) = 0.

Hence, the stationary equation to (2.5) is the
following form which does not contain a delay term:

VAu + B(u, ) + x|u|f~'u = Ph + PG(u). #(3.1)

Let us consider the definition of stationary solutions
to problem (1.1).

Definition 3.1. 4 weak stationary solution to (1.1)
is an element u™ €V such that

v((u*,v)) +b(u*,u*,v) + (K|u*|3_1u*,v)

= (h,v)+ (Glu"),v), Vv e V.

The existence of stationary solution is established
by employing the corollary of the Brouwer fixed point
theorem.
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Theorem 3.1. Suppose that the assumptions (g2) -
(g4) hold and h € V'. If 2Ly < vA; then problem (1.1)
admits at least one stationary solution u* satisfying the
following estimate

MR

1
2
llull < (V(M — 2Lg)> #(3.2)

Moreover, if the following condition holds
ok 1Al

' /v(){lv - 2Lg)

then the stationary solution of (1.1) is unique.

Definition 3.2. 4 stationary u* to (1.1) is stable if
for any € >0 there exists § >0 such that if ¢ €
BCL_w(H) satisfies || —i(u)lpcL_,ary < 6. then
the solution u(-; @) to (1.1) exists for all t =0 and
satisfies |lu(t; @) —u*| < e foranyt = 0.

We consider the case of g(t,u;) = G(u(t — p(t))),
where G:H — (L?(Q))3 is a measurable function
satisfying G(0) =0, and assume that there exists

v > LAt #(3.3)

Lg > 0 such that
|G(uw) — GW)| < Lglu —v|,Yu,v € H. #(3.4)
Consider a function p(t) € C1(Ry, R, )with
Pi = trél[g');]p’(t) < 1. The system (2.5) now becomes

d
o (u + a?Au) = —vAu — B(u,u)

—Pr|u|f~'u + Ph + PG(u(t — p(t))), # (3.5)
with initial condition u(6) = ¢(8),6 € (—o0o,0].
We now show the asymptotical stability of
stationary solutions via the construction of Lyapunov
functionals.

Theorem 3.2. Suppose that f € V' and (3.3) hold.
If vAy > 2Ly then there exist at least one weak

stationary solution u* to (3.1) satisfying (3.2). In

1/2 -
.. 1/4 |12 LgA1
addition, if v = 2¢oA] (V(Alv—2L9)> _Lm

then the stationary solution u* is unique, stable and
satisfies

Jw (Iu(s) —ul? + a?llu(s) — u*lI>)ds#
0

< |¢(0) — w|? + a?llp(0) —u|* +

L

g * ]2
—— o —ull 2 po)0m #
1—p. ¢ 12(=p(0),0;H)

(3.6)

for any solutionu to (3.5) with ¢ € BCL_w(H). Furthermore, if

v > ZCO){}/4 (

then u* is asymptotically stable.

|| h||? )1/2
v(){lv - 2Lg)

LgAt

J1—p.

Proof. Since all the assumptions of Theorem 3.1 are satisfied, then there exists a unique stationary solution u*
to (3.1) satisfying (3.2). Let us set w(t) = u(t) — u*. Then it satisfies

o (w(t) + a2Aw(t)) = —vAw(t) — B(u(t),u(®)) + Bu*,u*)

—lulftu + klu* | ur + P (G (u(t - p(t))) - G(u*)) 3.7)

with initial condition w(8) =

ut,¢) =

1p(0) —uw*|? + a?llp(0) — u*|I? +

¢(0) —u*,0 € (—o0,0]. Forany ¢ € BCL_o,(H), and any t > 0 we define U
t

lu(s) —u*|?ds
- PxJt-p(t)

where the constant ¢ > 0 is to be chosen later. Then for any u(.; ¢) of 3.5 with initial data ¢ € BCL_o, (H), we have

Ut ) = Ju(t) -

u*|? + a?|lu(t)

* t *
—u ||2+1_Lp*ft_p(t) lu(s) — u*|?ds# (3.8)

It is well known (see, e.g. [4]) that exists nonnegative constant 4 = u (3, k) such that

(rlulf~tu— rlu*|F~2u") (u — u*)dx = J
Q Q

p(lulft+ ) u—u?dx =0

From (3.7) and using an estimate similar to 2.4 we obtain

—_ U(t, Wt)

< W(t) + a2Aw (), W(t)>

=2v||w(®)||* + 4co Ay

+2Lglw(t — p(O)lIw® + 7

A7 H ||||w(t)||2

c(1-p'(t)
WO - 1_7P*|w(t—p(t))|2
(o)~ (—7,;())| (t = p(t)I
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By Cauchy's inequality, Poincaré's inequality (2.1) and (3.2), we obtain
d
E U (tl Wt)

Itz "
< —2v[w(O)I” + 402" (m> w11
1v = g

Cc

+2Lglw(t = pE)IW ] + 1

WO = clw(t = p(®))?
h f 1/2
< —2v[w(O)I” + 402" (ﬁ) w11
9

c Lé c
+2 (EIW(t - p®)I* + 2 IW(t)|2> +1z 3 lw(®)|? = clw(t — p(t)|?

1/2 2 9-1 -1

lln]12 Loy A
< -2(v—2¢1"* - - X [[w(t)||2
<V o1 (v(){lv —2Lg) 2c 2(1 —p.) WOl

If we choose ¢ = Lg,/1 — p., then the coefficient in the right-hand side takes it minimum value. We conclude that

ew) <—2(v-2 g MME P LA w1z (3.9
PTG VT eth v(A4v —2Ly) 1—p, w69

Integrating (3.9) from 0 to t, we obtain

U(t,Wt)+2<v—260/ﬁ/4(%> - 1“ j lw(s)||?ds
VMV — LLg — P/ Jo

< U(0,up) (3.10)
From (3.8), we have
Ut,we) = lut) —ul* + a?llu®) —ul?

and

L
U(0: uO) = |¢(0) - u*|2 + azlld)(O) - u*”Z + g ”d) - u*”iz(—p(o),o;H)

J1—p.
Then using the Poincaré inequality (2.1), (3.10) becomes

lu@®) —u? + a?llu(®) — ull
1

1 h||? 2 LAt t
+2M4 v—ZCO){f( (Ll ) S XJ lu(s) —u*|?ds
0

v(A4v — 2Ly) JI-p.

L
<1$©0) — w2+ a[16(0) — w'I? + 2=l — w2 _pcopormy - G- 11)

J1—p.

1/ -1
i 1/a(__lIklZ Lo : : e .
Therefore, if v > 2¢pA; (V ( Alv—2L9)> + Nrery then the stationary solution u* is stable and satisfies (3.6).
1/2 1
1/4 lI1I? LgAy .
Ifv> 2¢o Ay (v(llv—ZLg)> + o from (3.11) we obtain

j " (us) —w P + allu(s) — wP)ds
0

<I$(0) —u** + a®llp(0) —ull* +

L
g * |12
—— ¢ —ulljz .
T ¢ 12(=p(0),0H)

By the continuity in time of u in H, we deduce that tlim lu(t) —u*|> = 0, i.e. the stationary solution u* is
—00

asymptotically stable.
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