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The asymptotical stability of stationary solutions to three-dimensional  
kelvin-voigt equations with damping and unbounded delays 

 
Do Lan1*, Phạm Nam Giang1, Nguyen Thi Ly1 

 

Abstract: In this paper, we consider the three-dimensional Kelvin-Voigt equations involving unbounded delays in 
a bounded domain Ω ⊂ ℝଷ . We will study the asymptotical stability of stationary solutions via the construction of 
Lyapunov functionals. 
Keywords: Kelvin-voigt equation, stationary solutions: unbounded delays. 

 
1. Introduction  
Let Ω be a bounded domain in ℝଷ with a 

smooth boundary ߲Ω. In this paper, we consider 

the following three-dimensional Kelvin-Voigt 
equations with delays in Ω, 

 

⎩
⎪
⎨

⎪
⎧ ௧߲(ݑ − −(ݑ∇ଶߙ ݑΔߥ + ݑ) ⋅ ݑ(∇ + ݌∇ + ݑఉିଵ|ݑ|ߢ = ,ݐ)݃ (௧ݑ + ℎ(ݐ)

 in (0, ܶ) × Ω,
divݑ = 0  in (0, ܶ) × Ω,
,ݔ)ݑ (ݐ = 0  in (0, ܶ) × ߲Ω,
,ߠ)ݑ (ݔ = ,ߠ)߶ ,(ݔ  in (−∞, 0] × Ω,

#(1.1)  

 
where ߥ > 0 is the kinematic viscosity, ߙ > 0, ߢ >

0, ߚ ≥ 1 are three constants, ݑ = ,ݔ)ݑ (ݐ = ,ଵݑ) ,ଶݑ  (ଷݑ
is the velocity field of the fluid, ݌ is the pressure, ℎ is a 
nondelayed external force field, ݃ is another external 
force term and contains hereditary characteristic ݑ௧, 
where ݑ௧ is the function defined on (−∞, 0] by 
(ߠ)௧ݑ ݐ)ݑ = + ,(ߠ ߠ ∈ (−∞, 0], ߶ is the initial datum 
on the interval. 3* 

The case ߙ ≡ 0 and ݃ ≡ 0 has been studied in 
[CJ08] by X. Cai and Q. Jiu, the equations 1.1 becomes 
Navier-Stokes equations with damping. 

Note that the case ߢ ≡ 0 and ݃ ≡ 0 corresponds to 
the classical Navier-Stokes-Voigt problem. The 
existence, long-time behavior and regularity of 
solutions to the 3D Navier-Stokes-Voigt equations 
without delays in bounded domains and unbounded 
domains satisfying the Poincare's inequality have been 
studied by many mathematicians (see [AT13, KL09, 
YZ11] ). There are many results involving PDEs in 
fluid mechanics with delays ( [CR04, MM11]) and 
many results about asymptotic behavior to PDEs ( 
[NS2020, PS20]). However, all the results with finite 
delay (constant delays, bounded variable delay or 
bounded distributed delay) has been studied in the 
phase spaces ܥ([−ℎ, 0);ܺ) and ܮଶ(−ℎ, 0;ܺ) with a 
suitable Banach space ܺ, or infinite distributed delay in 
 ఊ(ܺ), whereܥ

(ܺ)ఊܥ = ቄ߮ ∈ ,∞−))ܥ 0];ܺ): lim
ఏ→ିஶ

 ݁ఊఏ߮(ߠ) exists in ܺቅ(ߛ > 0) 
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is the Banach space endowed with the norm 
‖߮‖ఊ = sup

ఏ∈(ିஶ,଴]
 ݁ ఊఏ‖߮(ߠ)‖௑. 

In this paper, following recent work [13] we 
continue studying the system (1.1) with unbounded 
variable delays in the following space 

(ܺ)ஶିܮܥܤ
= ቄ߮ ∈ ,∞−))ܥ 0];ܺ): lim

ఏ→ିஶ
 ߮  exists in ܺቅ (ߠ)

which is a Banach space equipped with the norm 
‖߮‖஻஼௅షಮ(௑) = sup

ఏ∈(ିஶ,଴]
 ௑‖(ߠ)߮‖ 

The main novelty of our paper is that we are 
interested in the problem with unbounded delays. The 
stability of stationary solutions to the 3D Kelvin-Voigt 
equations with damping and unbounded delays, has 
apparently not been studied previously. We will 
discuss the stability of stationary solution is shown via 
the construction of Lyapunov functionals. 

The rest of the paper is organized as follows. In 
section 2, we will set up some spaces and lemmas 
which will be used in the later sections. Section 3 will 
be devoted to the asymptotical stability of stationary 
solutions. 

2. Preliminaries 
We consider the following space: 

      ࣰ = ݑ} ∈ :ଷ(଴ஶ(Ω)ܥ) divݑ = 0}. 
Let ܪ be the closure of ࣰ in (ܮଶ(Ω))ଷ with the 

norm | ⋅ |, and inner product (⋅,⋅) defined by 

,ݑ) (ݒ = ෍ 
ଷ

௝ୀଵ

න  
ஐ
ݒ,ݑ for ݔ݀(ݔ)௝ݒ(ݔ)௝ݑ ∈  ଷ(ଶ(Ω)ܮ)

We also denote ܸ the closure of ࣰ in (ܪ଴ଵ(Ω))ଷ 
with norm ‖ ⋅ ‖, and the associated scalar product 
((⋅,⋅)) defined by 
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,ݑ)) ((ݒ = ෍  
ଷ

௜,௝ୀଵ

න  
ஐ

௝ݑ߲
௝ݔ߲

௝ݒ߲
௜ݔ߲

,ݑ for ݔ݀ ݒ ∈  ଷ(଴ଵ(Ω)ܪ)

We use ‖ ⋅ ‖∗ for the norm in ܸ ᇱ and ⟨⋅,⋅⟩௏,௏ᇲ for the 
dual pairing between ܸ and ܸ ᇱ. We recall the Stokes 
operator ܣ: ܸ → ܸ ᇱ by ⟨ݑܣ, ⟨ݒ = ,ݑ))  ܲ Denote by .((ݒ
the Helmholtz-Leray orthogonal projection in 
ݑܣ ଷ onto the space ܸ. Then(଴ଵ(Ω)ܪ) = −ܲΔݑ, for all 
ݑ ∈ (ܣ)ܦ = ଷ(ଶ(Ω)ܪ) ∩ ܸ. The Stokes operator ܣ is a 
positive self-adjoint operator with compact inverse. 
Hence there exists a complete orthonormal set of 
eigenfunctions ൛ݓ௝ൟ௝ୀଵ

ஶ
⊂ ௝ݓܣ such that ܪ =  ௝ and tiݓ௝ߣ

0 < ଵߣ ≤ ଶߣ ≤ ଷߣ ≤ ⋯ ≤ ௝ߣ → +∞ as ݐ → ∞ 
We have the following Poincaré inequalities 

ଶ‖ݑ‖ ≥ ,ଶ|ݑ|ଵߣ ݑ∀ ∈ ܸ, #(2.1)  
ଶ|ݑ| ≥ ݑ∀,ଶ∗‖ݑ‖ଵߣ ∈  ܪ

From (2.1), we have 
ଶ|ݑ| ≥ ݀଴(|ݑ|ଶ + ,(ଶ‖ݑ‖ଶߙ ݑ∀ ∈ ܸ, 

where ݀଴ = ఒభ
ଵାఈమఒభ

. Furthermore, for ߙ > 0, the 
operator ܫ + ܫ) has a compact inverse ܣଶߙ +
:ଵି(ܣଶߙ ᇱ(ܣ)ܦ →  with the following estimate ܪ

ܫ)‖ + ‖ݑଵି(ܣଶߙ ≤ ݑ∀,∗‖ݑ‖ଶିߙ ∈ ܸ ᇱ. 
We define the trilinear form ܾ on ܸ × ܸ × ܸ by 

,ݑ)ܾ (ݓ,ݒ = ෍  
ଷ

௜,௝ୀଵ

න  
ஐ
௜ݑ
௝ݒ߲
௜ݔ߲

,ݔ௝݀ݓ ,ݑ∀ ݓ,ݒ ∈ ܸ 

and ܤ:ܸ × ܸ → ܸᇱ by ⟨ݑ)ܤ, ,(ݒ ⟨ݓ = ,ݑ)ܾ  .(ݓ,ݒ
We can write ݑ)ܤ, (ݒ = ݑ)]ܲ ⋅  It is easy to check .[ݒ(∇
that if ݑ, ݓ,ݒ ∈ ܸ, then ܾ(ݑ, (ݓ,ݒ = ,ݑ)ܾ− ,ݓ  and ,(ݒ
in particular, 

,ݑ)ܾ ,ݒ (ݒ = 0, ,ݑ∀ ݒ ∈ ܸ. #(2.2)  
Using Hölder's inequality and Ladyzhenskaya's 

inequality, we can choose the best positive constant ܿ଴ 
such that 
,ݑ)ܾ| ,ݒ |(ݓ ≤ ܿ଴‖ݒ‖‖ݑ‖ ฬݓ|

ଵ
ଶฯݓ‖

ଵ
ଶ , ,ݒ,ݑ∀ ݓ ∈ ܸ. #(2.3) 

From (2.3) and using Poincaré's inequality (2.1), we 
obtain that 
,ݑ)ܾ| |(ݓ,ݒ ≤ ܿ଴ߣଵ

ିଵ/ସ‖ݑ∀,‖ݓ‖‖ݒ‖‖ݑ, ݓ,ݒ ∈ ܸ#(2.4) 
We will assume that ݂ ∈ ,ଶ(0ܮ ܶ;ܸ ᇱ). For the term 

݃, we assume that ݃ : [0,ܶ] × (ܪ)ஶିܮܥܤ →
 ଷ, then(ଶ(Ω)ܮ)

(g1) For any ߦ ∈ ,the mapping [0 ,(ܪ)ஶିܮܥܤ ܶ] ∋
ݐ ↦ ,ݐ)݃ (ߦ ∈  ,ଷ is measurable(ଶ(Ω)ܮ)

(g2)   ݃(⋅ ,0) = 0. 
(g3) There exists a constant ܮ௚ > 0 such that, for 

any ݐ ∈ [0, ܶ] and all ߦ, ߟ  ,(ܪ)ஶିܮܥܤ ∋
,ݐ)݃| (ߦ − ,ݐ)݃ |(ߟ ≤ ߦ‖௚ܮ − ஻஼௅షಮ(ு)‖ߟ . 

Some examples of ݃ which satisfy (g1) - (g3) 
can be seen in [ LC18]. We can rewrite the 3D 
Kelvin-Voigt equations (1.1) in the following 
functional form 

 

൜ ௧߲(ݑ + (ݑܣଶߙ + ݑܣߥ + ,ݑ)ܤ (ݑ + ݑఉିଵ|ݑ|ߢ = ,ݐ)݃ܲ (௧ݑ + ܲℎ(ݐ),  in (0, ܶ) × Ω
(ߠ)ݑ = ,(ߠ)߶ ߠ ∈ (−∞, 0]

#(2.5)  

We first give the definition of a weak solution. 
Definition 2.1. Given an initial datum ߶ ∈ with  ߶(0) (ܪ)ஶିܮܥܤ ∈ ܸ, a weak solution ݑ to 1.1 in the interval 

(−∞, ܶ],ܶ > 0, is a function ݑ ∈ (ܪ;[ܶ,∞−))ܥ ,ଶ((0ܮ ∩ ܶ);ܸ) ∩ ,ఉାଵ൫(0ܮ ܶ); (ߠ)ݑ ൯ with(ߗ)ఉାଵܮ =
,(ߠ)߶ ߠ ≤ 0 and ௗ௨

ௗ௧
∈ ,ଶ((0ܮ ܶ); ܸ ᇱ) ,ఉ൫(0/(ఉାଵ)ܮ + ܶ); ݒ ൯ such that, for all(ߗ)ఉ/(ఉାଵ)ܮ ∈ ܸ, and a.e. ݐ ∈ (0, ܶ) 
݀
ݐ݀

,(ݐ)ݑ) ݒ + ,(ݐ)ݑ)ଶߙ ((ݒ + ,(ݐ)ݑ)ߥ ,(ݐ)ݑ)ܾ+(ݒ ,(ݐ)ݑ (ݒ + ൿݒ,ݑఉିଵ|ݑ|ߢ⟩

 = ⟨ℎ(ݐ), ⟨ݒ + ,ݐ)݃) ,(௧ݑ .(ݒ
 

 
The existence and the uniqueness of solution is 

proved by using the classic Galerkin approximation 
and the energy method (see [YZ25]). 

Theorem 2.1. Consider 
ℎ ∈ ,ଶ((0ܮ ܶ);ܸ ᇱ), ݃: [0, ܶ] × (ܪ)ஶିܮܥܤ →  ܪ
satisfying (݃1) − (݃3) and ߶ ∈  with (ܪ)ஶିܮܥܤ
߶(0) ∈ ܸ are given. Then there exists a unique weak 
solution to (1.1). 

3. Asymptotical stability of stationary solutions 
In order to study the properties of stationary 

solutions, we need to impose some extra assumptions. 
Firstly, we assume that ℎ is independent of time, i.e., 
ℎ(ݐ) ≡ ℎ ∈ ܸ ᇱ. Denote by ݅ the trivial immersion 
ܪ:݅ → (ݑ)݅ given by (ܪ)ஶିܮܥܤ = (ݐ)෤ݑ ෤ withݑ =  ݑ
for all ݐ ≤ 0. We now require that ݃ satisfies 

(g4) ݃(ݏ, (ߦ = ,ݐ)݃ ,ݏ for any (ߦ ݐ ∈ ℝା and 
ߦ ∈  .(ܪ)݅

If (g2) - (g4) hold, we trivially have that ݃̃:ܪ →
(ݑ)̃݃ ଷ defined by(ଶ(Ω)ܮ) = ݃(0, ̃݃ ,.i.e ,((ݑ)݅ =
݃∣ℝశ×௜(ு), is of course autonomous, Lipschitz (with the 
same Lipschitz constant ܮ௚൯ and ݃̃(0) = 0. 

Hence, the stationary equation to (2.5) is the 
following form which does not contain a delay term: 
ݑܣߥ + ,ݑ)ܤ (ݑ + ݑఉିଵ|ݑ|ߢ = ܲℎ + .(ݑ)̃݃ܲ #(3.1)  

Let us consider the definition of stationary solutions 
to problem (1.1). 

Definition 3.1. A weak stationary solution to (1.1) 
is an element ݑ∗ ∈ ܸ such that 

,∗ݑ)൫ߥ ൯(ݒ + ,∗ݑ,∗ݑ)ܾ (ݒ + ,∗ݑఉିଵ|∗ݑ|ߢ⟩ ൿݒ
= ⟨ℎ, ⟨ݒ + ,(ݒ,(∗ݑ)̃݃) ݒ∀ ∈ ܸ. 

The existence of stationary solution is established 
by employing the corollary of the Brouwer fixed point 
theorem. 
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Theorem 3.1. Suppose that the assumptions (g2) - 
(g4) hold and ℎ ∈ ܸ ᇱ. If 2ܮ௚ <  ଵ then problem (1.1)ߣߥ
admits at least one stationary solution ݑ∗ satisfying the 
following estimate 

‖∗ݑ‖ ≤ ቆ
ଵ‖ℎ‖∗ଶߣ

ߥଵߣ൫ߥ − ௚൯ܮ2
ቇ

ଵ
ଶ

. #(3.2)  

Moreover, if the following condition holds 

ߥ > ଵିଵߣ௚ܮ +
2ܿ଴ߣଵ

ଵ/ସ‖ℎ‖∗

ටߥ൫ߣଵߥ − ௚൯ܮ2
#(3.3)  

then the stationary solution of (1.1) is unique. 
Definition 3.2. A stationary ݑ∗ to (1.1) is stable if 

for any ߝ > 0 there exists ߜ > 0 such that if ߶ ∈
߶‖ satisfies (ܪ)ஶିܮܥܤ − ஻஼௅షಮ(ு)‖(∗ݑ)݅ ≤  then ,ߜ
the solution ݑ(⋅;߶) to (1.1) exists for all ݐ ≥ 0 and 
satisfies |ݐ)ݑ; ߶) − |∗ݑ < ݐ for any ߝ ≥ 0. 

We consider the case of ݃(ݐ, (௧ݑ = ݐ)ݑ)ܩ −  ,(((ݐ)ߩ
where ܪ:ܩ →  ଷ is a measurable function(ଶ(Ω)ܮ)
satisfying (0)ܩ = 0, and assume that there exists 

௚ܮ > 0 such that 
−(ݑ)ܩ| |(ݒ)ܩ ≤ ݑ|௚ܮ − ,ݑ∀,|ݒ ݒ ∈ .ܪ #(3.4)  

Consider a function (ݐ)ߩ ∈ ,ଵ(ℝାܥ ℝା)with 
∗ߩ = max

௧∈[଴,்]
(ݐ)ᇱߩ  < 1. The system (2.5) now becomes 
݀
ݐ݀

ݑ) + (ݑܣଶߙ = ݑܣߥ− − ,ݑ)ܤ (ݑ

ݑఉିଵ|ݑ|ߢܲ− + ܲℎ + ݐ)ݑ)ܩܲ − ,(((ݐ)ߩ #           (3.5)
 

with initial condition (ߠ)ݑ = ,(ߠ)߶ ߠ ∈ (−∞, 0]. 
We now show the asymptotical stability of 

stationary solutions via the construction of Lyapunov 
functionals. 

Theorem 3.2. Suppose that ݂ ∈ ܸ ᇱ and (3.3) hold. 
If  ߣߥଵ >  ௚ then there exist at least one weakܮ2
stationary solution ݑ∗ to (3.1) satisfying (3.2). In 

addition, if  ߥ ≥ 2ܿ଴ߣଵ
ଵ/ସ ൬ ‖௛‖∗మ

ఔ൫ఒభఔିଶ௅೒൯
൰
ଵ/ଶ

+ ௅೒ఒభషభ

ඥଵିఘ∗
 

then the stationary solution ݑ∗ is unique, stable and 
satisfies

 

 න  
ஶ

଴
  (ݏ)ݑ|) − ଶ|∗ݑ + (ݏ)ݑ‖ଶߙ − #ݏ݀(ଶ‖∗ݑ

≤ |߶(0) − ଶ|∗ݑ + ଶ‖߶(0)ߙ − ଶ‖∗ݑ +
௚ܮ

ඥ1 − ∗ߩ
‖߶ − ௅మ(ିఘ(଴),଴;ு)‖∗ݑ

ଶ #                                                                 (3.6)
 

for any solution ݑ to (3.5) with ߶ ∈  Furthermore, if .(ܪ)ஶିܮܥܤ

ߥ > 2ܿ଴ߣଵ
ଵ/ସቆ

‖ℎ‖∗ଶ

ߥଵߣ൫ߥ − ௚൯ܮ2
ቇ
ଵ/ଶ

+
ଵିଵߣ௚ܮ

ඥ1 − ∗ߩ
 

then ݑ∗ is asymptotically stable. 
Proof. Since all the assumptions of Theorem 3.1 are satisfied, then there exists a unique stationary solution ݑ∗ 

to (3.1) satisfying (3.2). Let us set (ݐ)ݓ = −(ݐ)ݑ  Then it satisfies .∗ݑ
݀
ݐ݀

(ݐ)ݓ) + ((ݐ)ݓܣଶߙ = −(ݐ)ݓܣߥ− ൯(ݐ)ݑ,(ݐ)ݑ൫ܤ +  (∗ݑ,∗ݑ)ܤ

ݑఉିଵ|ݑ|ߢ− + ∗ݑఉିଵ|∗ݑ|ߢ + ܲ ൬ܩ ቀݑ൫ݐ − ൯ቁ(ݐ)ߩ −   ൰ (3.7)(∗ݑ)ܩ
with initial condition (ߠ)ݓ = (ߠ)߶ − ߠ,∗ݑ ∈ (−∞, 0]. For any ߶ ∈ ݐ and any ,(ܪ)ஶିܮܥܤ > 0 we define ܷ 

,ݐ)ܷ ߶) = |߶(0) − ଶ|∗ݑ + ଶ‖߶(0)ߙ − ଶ‖∗ݑ +
ܿ

1 − ∗ߩ
න  
௧

௧ିఘ(௧)
(ݏ)ݑ| −  ݏଶ݀|∗ݑ

where the constant ܿ > 0 is to be chosen later. Then for any ݑ(. ; ߶) of 3.5 with initial data ߶ ∈  we have ,(ܪ)ஶିܮܥܤ
,ݐ)ܷ (௧ݑ = (ݐ)ݑ| − ଶ|∗ݑ + (ݐ)ݑ‖ଶߙ − ଶ‖∗ݑ + ௖

ଵିఘ∗
∫  ௧
௧ିఘ(௧)   (ݏ)ݑ| − #ݏଶ݀|∗ݑ  

It is well known (see, e.g. [4]) that exists nonnegative constant ߤ = ,ߚ)ߤ  such that (ߢ

න  
ஐ
൫ݑ|ߢ|ఉିଵݑ − ݑ)൯∗ݑఉିଵ|∗ݑ|ߢ − ݔ݀(∗ݑ ≥ න  

ஐ
ఉିଵ|ݑ|൫ߤ + ݑ|ఉିଵ൯|∗ݑ| − ݔଶ݀|∗ݑ ≥ 0 

From (3.7) and using an estimate similar to 2.4 we obtain 
݀
ݐ݀
(௧ݓ,ݐ)ܷ

=2ർ
݀
ݐ݀

(ݐ)ݓ) + ,((ݐ)ݓܣଶߙ ඀(ݐ)ݓ +
ܿ

1− ∗ߩ
ଶ|(ݐ)ݓ| −

ܿ(1 − ((ݐ)ᇱߩ
1 − ∗ߩ

ݐ)ݓ| − ଶ|((ݐ)ߩ

ଶ‖(ݐ)ݓ‖ߥ2− ≥ + 4ܿ଴ߣଵ
ିଵ/ସ‖(ݐ)ݓ‖‖∗ݑ‖ଶ

ݐ)ݓ|௚ܮ2+  − |(ݐ)ݓ‖((ݐ)ߩ +
ܿ

1 − ∗ߩ
−ଶ|(ݐ)ݓ|

ܿ(1 − ((ݐ)ᇱߩ
1− ∗ߩ

ݐ)ݓ| − .ଶ|((ݐ)ߩ

 

(3.8)
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By Cauchy's inequality, Poincaré's inequality (2.1) and (3.2), we obtain 
݀
ݐ݀
(௧ݓ,ݐ)ܷ

ଶ‖(ݐ)ݓ‖ߥ2− ≥ + 4ܿ଴ߣଵ
ଵ/ସ ቆ

‖ℎ‖∗ଶ

ߥଵߣ൫ߥ − ௚൯ܮ2
ቇ
ଵ/ଶ

ଶ‖(ݐ)ݓ‖

ݐ)ݓ|௚ܮ2+  − |(ݐ)ݓ||((ݐ)ߩ +
ܿ

1 − ∗ߩ
ଶ|(ݐ)ݓ| − ݐ)ݓ|ܿ − ଶ|((ݐ)ߩ

ଶ‖(ݐ)ݓ‖ߥ2− ≥ + 4ܿ଴ߣଵ
ଵ/ସ ቆ

‖ℎ‖∗ଶ

ߥଵߣ൫ߥ − ௚൯ܮ2
ቇ
ଵ/ଶ

ଶ‖(ݐ)ݓ‖

 +2 ቆ
ܿ
2

ݐ)ݓ| − ଶ|((ݐ)ߩ +
௚ଶܮ

2ܿ
ଶቇ|(ݐ)ݓ| +

ܿ
1 − ∗ߩ

ଶ|(ݐ)ݓ| − ݐ)ݓ|ܿ − ଶ|((ݐ)ߩ

≤ −2൭ߥ − 2ܿ଴ߣଵ
ଵ/ସቆ

‖ℎ‖∗ଶ

ߥଵߣ൫ߥ − ௚൯ܮ2
ቇ
ଵ/ଶ

−
௚ଶܮ ଵିଵߣ

2ܿ
−

ଵିଵߣܿ

2(1 − ൱(∗ߩ × ଶ‖(ݐ)ݓ‖

 

If we choose ܿ = −௚ඥ1ܮ  then the coefficient in the right-hand side takes it minimum value. We conclude that ,∗ߩ

݀
ݐ݀
(௧ݓ,ݐ)ܷ ≤ −2ቌߥ − 2ܿ଴ߣଵ

ଵ
ସቆ

‖ℎ‖∗ଶ

ߥଵߣ൫ߥ − ௚൯ܮ2
ቇ

ଵ
ଶ
−

ଵିଵߣ௚ܮ

ඥ1 − ∗ߩ
ቍ‖(ݐ)ݓ‖ଶ.       (3.9) 

Integrating (3.9) from 0 to ݐ, we obtain 

(௧ݓ,ݐ)ܷ + 2൭ߥ − 2ܿ଴ߣଵ
ଵ/ସ ቆ

‖ℎ‖∗ଶ

ߥଵߣ൫ߥ − ௚൯ܮ2
ቇ
ଵ/ଶ

−
ଵିଵߣ௚ܮ

ඥ1 − ∗ߩ
൱න  

௧

଴
ݏଶ݀‖(ݏ)ݓ‖ 

≤  ܷ(0,  ଴)                                                                                                                                            (3.10)ݑ

From (3.8), we have 

(௧ݓ,ݐ)ܷ ≥ (ݐ)ݑ| − ଶ|∗ݑ + (ݐ)ݑ‖ଶߙ −  ଶ‖∗ݑ

and 

ܷ(0, (଴ݑ = |߶(0) − ଶ|∗ݑ + ଶ‖߶(0)ߙ − ଶ‖∗ݑ +
௚ܮ

ඥ1 − ∗ߩ
‖߶ − ௅మ(ିఘ(଴),଴;ு)‖∗ݑ

ଶ  

Then using the Poincaré inequality (2.1), (3.10) becomes 

(ݐ)ݑ| − ଶ|∗ݑ + −(ݐ)ݑ‖ଶߙ  ଶ‖∗ݑ

ଵߣ2+ ቌߥ − 2ܿ଴ߣଵ
ଵ
ସቆ

‖ℎ‖∗ଶ

ߥଵߣ൫ߥ − ௚൯ܮ2
ቇ

ଵ
ଶ
−

ଵିଵߣ௚ܮ

ඥ1 − ∗ߩ
ቍ×න  

௧

଴
  (ݏ)ݑ| −  ݏଶ݀|∗ݑ

≤ |߶(0) − ଶ|∗ݑ + ଶ‖߶(0)ߙ − ଶ‖∗ݑ +
௚ܮ

ඥ1 − ∗ߩ
‖߶ − ௅మ(ିఘ(଴),଴;ு)‖∗ݑ

ଶ  . (3.11)  

Therefore, if ߥ ≥ 2ܿ଴ߣଵ
ଵ/ସ ൬ ‖௛‖∗మ

ఔ൫ఒభఔିଶ௅೒൯
൰
ଵ/ଶ

+ ௅೒ఒభషభ

ඥଵିఘ∗
 then the stationary solution ݑ∗ is stable and satisfies (3.6). 

If ߥ > 2ܿ଴ߣଵ
ଵ/ସ ൬ ‖௛‖∗మ

ఔ൫ఒభఔିଶ௅೒൯
൰
ଵ/ଶ

+ ௅೒ఒభషభ

ඥଵିఘ∗
, from (3.11) we obtain 

 න  
ஶ

଴
  (ݏ)ݑ|) − ଶ|∗ݑ + (ݏ)ݑ‖ଶߙ − ݏ݀(ଶ‖∗ݑ

≤|߶(0) − ଶ|∗ݑ + ଶ‖߶(0)ߙ − ଶ‖∗ݑ +
௚ܮ

ඥ1 − ∗ߩ
‖߶ − ௅మ(ିఘ(଴),଴;ு)‖∗ݑ

ଶ
 

 
By the continuity in time of ݑ in ܪ, we deduce that lim

௧→ஶ
(ݐ)ݑ|  − ଶ|∗ݑ = 0, i.e. the stationary solution ݑ∗ is 

asymptotically stable. 
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